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Abstract-Interpolation functions, which can represent fuzzy logic system (FLS) models, are 
investigated. Since interpolation is a basic tool for function approximation and since FLS has been 
shown to be a function approximator, interpolation functions can be established for these models. To 
establish and to explore these interpolations, some features, which are regarded as basic conditions 
on interpolation of FLS, are first introduced. Then, several interpolation functions of the frequently 
used FLS models are established and proved. Finally, a general model is suggested based on the 
results. @ 2003 Elsevier Science Ltd. All rights reserved. 
Keywords-hazy logic system, Fuzzy inference rule, Interpolation function, Base function, In- 
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1. SOME BASIC FEATURES OF FLS 
In order to introduce some basic features of FLS, let us consider a two-input and one-output FLS 
system as an example. 
Let X and Y be the universes of input variables x and y, respectively, and 2 be the universe 
of output variable Z. Denote A = {A~}Q<~<~), 13 = {Bj)p~jp+ and C = {G~}(Is+,K~+), 
where Ai E F(X), Bj E F(Y), and Cij E F(Z), and F(X), 3(Y), and F(Z) are the families 
of all fuzzy sets on X, Y, and 2, respectively. We regard A, B, and C as linguistic variables, so 
that fuzzy inference rules can be formed as follows. 
If x is Ai and y is Bj 7 then z is Cij ) 
where i = 1,2,. . . , n, j = 1,2,. . . , m, and x E X, y E Y, and z E 2 are called base variables. 
According to the Mamdanian model, the inference relation of the (i,j)“h inference rule is a 
fuzzy relation from X x Y to 2, Rij 2 (Ai x Bj) x Cij, where 
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Since the n x m inference rules should be joined by “or” (corresponding to set-theoretical 
operator “U”), the inference relation is R = Uy=“=, Uy==, Rij; i.e., 
R(x,Y,~) = \;i (i [(A(x) A&(Y)) A Cij(z)]. (2) 
i=l j=l 
Given A’ E .T(X) and B’ E F(Y), the conclusion of inference C’ E F(Z) can be determined 
as C’ 2 (A’ x B’) o R by means of the well-known compositional rule of inference, where %” is 
the operator of the composition relations and 
C’(z) = v [(A’(z) A B’(Y)) A R(z, Y, z)l. (3) 
(%Y)=xY 
The crisp quantities are changed into fuzzy sets by the following singleton fuzzification scheme: 
A’(x) = 
1, x=5’, 
0, xfx’, 
B’(Y) = 
1, Y =Y’, 
0, YfY’. 
Using the above expressions and noticing equation (2), we obtain the inference result for C’ 
C’(z) = R (x’, y’, z) = \j \(li [(Ai (x’) A Bj (y’)) A Cij(z)] . (4) 
i=l j=l 
To defuzzify C’, the commonly used method of centroid is adopted 
s,,, zC’(z) dz 
” = JZGZ C’(z) dz ’ 
The above model can be considered as a fuzzy logic controller or 
(5) 
a fuzzy logic system. 
For convenience, let us introduce the following concepts or features. Given a universe X, let 
A = {Ai1(i<i<,) be a family of normal fuzzy sets on X, i.e., (VQ(3xi E X)(Ai(xi) = l), where ICY 
is called the peak point of Ai. Usually, FLS possesses the following features. 
FEATURE 1. A has the Kronecker property 
Ai = &, = ” ‘i =” 
0, i # j. 
In this paper, we shall always assume that Feature 1 holds. 
Also, in many cases, FLS possesses the following feature. 
FEATURE 2. A is a fuzzy partition of X, which means that it satisfies the condition 
(Vi,j)(i # j =+ xi # Zj) and (VJ~EX) (@+)=l)~ (6) 
Clearly, Feature 1 implies Feature 2. When a FLS possesses Feature 2, then FLS is called a 
normal FLS (NFLS). 
Moreover, we call Ai a base element or base function of A. Then we call A a group of base 
elements of X. 
WhenX=[a,b]~%(R is real number field), FLS usually has the following feature. 
FEATURE 3. The ordered partition: a < xi < x2 < . . . < x, < b. 
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2. INTERPOLATION REPRESENTATION OF THE 
MAMDANIAN MODEL WITH ONEINPUT AND ONE-OUTPUT 
Let X and Y be the universes of input and output variables, respectively, and A = {Ai}(l<i<,) -- 
and t3 = {Bi}(l<i<,) be a family of fuzzy sets on X and Y, respectively. Usually, we can suppose -- 
that X and Y are real number intervals, i.e., X = [u,b] and Y = [c,d], holding a < zi < 22 < 
. . . < x, < b and c < yi < ys < . . . < yn < d, where xi and yi are the peak points of A; and Bi, 
respectively. When X and Y are general measurable sets, the following result is also true. In 
addition, we always regard Ai and Bi as integrable functions. 
THEOREM 1. Under the above condition, there exists a group of base functions A’ = {A~}(l~i~,) 
such that the Mamdanian model with one-input and one-output is approximately a unary piece- 
wise interpolation function taking Ai for its base functions 
y = F(x) = 2 Al,(x)yi, (7) 
i=l 
where A’ also holds the Kronecker property (i.e., Feature 1). When the FLS is normal (i.e., 
IVFLS), d’ is just a fuzzy partition of X. Moreover, when {~i}(i<~l~) is an equidistant partition, 
A’ degenerates into d; i.e., 
y = F(x) = 2 Ai(x)yi. (8) 
i=l 
PROOF. According to the Mamdanian model, A and l3 form the following inference rules. 
If x is Ai, then y is Bi, i = 1,2,. .*,n, (9) 
and the inference relation of the ith rule is Ri = Ai x Bi, so the inference relation is R = Uy=“=, Ri; 
i.e., 
R(x,Y) = q &(x:,Y) = ()(A&) A&(Y)). (10) 
i=l i=l 
For a given input x’ E X, being similar to (4), we have B’(y) = i/~=, (Ai A Bi(y)). Also 
similar to (5), we can get a crisp response value y’, 
s,” YB'(Y) dy 
” = J; B’(y) dy ’ (11) 
Let hi = yi - C, hi = yi - y;_l (i = 2,3,. . . , TX), and h = max{hi 1 1 5 i 5 n}. Because Ai 
and Bi have the Kronecker property, Ai = 6i, = Bi(yj), based on the definition of definite 
integral, we have 
_fcd YB'(Y) dy $I ~aB'(~i)h 
” = s,” B’(y) dy = 2 B’(yi)hi 
i=l 
n 
C hi iv;=, (Ac (x’) A Bk (Yi))] Yi = i=l 
73 
C hi [VLl (Ak (X’) A Bk (Yi))I 
i=l 
2 hiA (x’) yi 
i=l = 
2 A (x’) 
i=l 
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Denote ai k hd/CyZ1 hjAj(x’) and Ai A a(d)Ai(z’). Then 
Y’ = g ai (2’) Ai (x’) yi = 2 A; (d) yi, (12) 
i=l i=l 
which means that y’ is approximately represented as a unary piecewise interpolation function 
taking A: for its base functions. 
If we write A’ = {Ai}(l<i+) and let F(s) = Cz, A:(z)yi, then we get (7). 
Now we prove that A’ has the Kronecker property. In fact, when i # j, clearly, Ai = 0. 
When i = j, we have 
A;(zJ = ai(zi)Ai(zi) = ai = hi 
f: hjAj(x,) 
j=l 
In addition, when the fuzzy logic system is normal, we can prove that A’ is just a fuzzy partition 
of X. Actually, Vx E X, 
2 A;(x) = ~ai(x)A,(x) = 2 
i=l i=l i=l 
Ai 
2 h&(x) 
= i=l 
5 hjAj(x) = I. 
j=l 
Thus, A’ holds Feature 2. 
At last, if the FLS is a NF’LS and {yi}(l<i<n) is an equidistant partition, then (Vi)(hi = h). 
Then we have 
ai(X) = n 
hi 1 
C b%(x) = J&%C4 = ’ 
j=l 
Therefore, A’(x) = A( x ; i.e., A = A’. So y = F(X) = Czl Ai(x)yi which is (8). ) I 
3. INTERPOLATION REPRESENTATION OF MAMDANIAN 
MODEL WITH TWO-INPUT AND ONE-OUTPUT 
Reviewing the signs in Section 1, let X, Y, and 2 be real number intervals: X = [a, b], 
Y = [c, d], and 2 = [e, f], where pi> is the peak point of Cij holding e < ~11 < 212 < . < zlm < 
731 < . . < .z,, < f. And suppose that Ai, Bj, and Cij are integrable functions. 
THEOREM 2. Under the above conditions, there exists a group of base functions Cp = 
{‘Pij)(16isn,l<j<m) such that the Mamdanian model with two-input and one-output is approxi- 
mately a binary piecewise interpolation function taking yij for its base functions 
* = Q,Y) = 2 -&%j(X,Y)Zij. (13) 
i=l j=1 
..reap a.nz uxa.Ioay7 s!q~ u! sl[nsaJ raqqo 
= (,x)%2 pUe (,Z)?V(,z)?D = (,Z):V a.raqM ‘%(,2)~V1=i~ 
~IOJ+.J .(,fi)fg(,z)~v'=~~ = (fi),g ‘x 3 ,x qndu! ua@ 't? ~o,+J 
I=? 
I=? 
(51) 
.(A)~g(z)tv~ = (fik)'gI = (fi‘z)u 
L1 
?A. 
aAey aM ‘(o‘+) lcq pax1da.I s! (v‘A) Jay= ‘(01) UI 'aooxd 
'1 usaroay~; qr Se uo~Snpuo3 amss ay$ sey $ndqno-auo pue 
?ndr.y-auo ~T!M tuyg!.roqv p!o.r?ua2-(0 ‘+) ay? ( 1 ura.roayA uy uog!puo2 ay? Japun ‘g nazroaa& 
'(ppoux w!uepuw~ aq? ‘*a*!) lapour p!ollua+(v'r\) ayl wqq $ua!uaAuo9 alow aq 0% k.102 
&!$saAu! au.Ios Lq Iseal 7~ ‘paJap!suo:, s! qt)!q~ [I] ui pasodold SAM lapour p!o.x$uaa-(o‘+) aq;L 
73aor4 aIomN33+ ‘+> 60 
SNOILViLN3S3’Hd3ll NOILV?OdlI3iLNI ‘P 
I 
(PT) 
I=6 13 
..C’Z(,R’,X) F?Gq 2 = ((,/I) cgv (,x)?v)(,R‘,x) “‘d? zM ,z 
u u 
ui u 
amq aM 
. ((,/I) $J v (,x) ‘y) (/I ‘,x) ‘gj F (,” ‘,x) %h 
P" 
aky am ‘A 3 ,R pue x 3 ,x sqndu! ua@ JO,+J .(~u'...'E‘z = .C 
rU‘“. 
Z’l = 2) I-F?Z_ F?z = C?y ‘(U“..‘&‘Z = 2) 
WI-?z- 1)~ = I?y ‘a - II2 = IIy la? 'Joo&J 
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PROOF. In (2), after (V, A) is replaced by (+, ??), 
(18) 
For given inputs 2’ E X and y’ E Y, we get 
C’(z) = 2 2 Ai (2’) Bj (y’) Q(z). (19) 
i=l j=l 
Similar to the proof of Theorem 2, we have 
2’ = 2 2 -/ii (x’, Y') Ai (s’) Bj (y’) zii = 2 2 @ii (d, y’) zij, (20) 
i=l j=l i=l j=l 
where 
Yij (x’, Y') 2 hij 
2 2 hijAi (4 Bi (Y') 
i=l j=l 
and 
$ij (2’7 Y’) = Yij (2’7 Y’) Ai (s’) B, (Y’) . 
Let F(z, y) = CyC1 CyCl &(z, y)zij and we get (16). 
When the FLS is a NFLS and {~ij}(~~~~~,~~~+) is an equidistant partition, it is easy to show 
that $~ij(z,y) z 1. So (17) is also true. I 
5. INTERPOLATION REPRESENTATIONS OF 
THE WEIGHED (+, .)-CENTROID MODEL 
The weighed (+, ??)-centroid model is proposed in [2], which means the inference rules are 
jointed by the weighed ‘&or “. Taking (18) for an example, we should have 
R(~,y,z) = g eWij&j(s,yjz) = 2 ~u,,A~(z)B~(Y)C,~(Z), (21) 
i=l j=1 i=l j=l 
where WQ E [0, 11, and usually CL, cj”=, wij = 1. 
THEOREM 5. Under the conditions in Theorem 2, there exists a group of base functions 0 = 
tw(l<iga,KjQn) such that the weighed (+, ) ??-centroid model with two-input and one-output 
is approximately a binary piecewise interpolation function with 0ij as its base functions 
i=l j=l 
where Q(x,y) = &(z,y)Ai(z)Bj(y) and 
tijCz, Y) = n 
hii wij 
C E hijwijAi(z)Bj(?-/) 
j=l j=l 
(22) 
(23) 
The proof is omitted, for it is similar to the proof of Theorem 4. 
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6. INTERPOLATION REPRESENTATION OF 
SIMPLE INFERENCE MODEL 
We shall consider the simple inference model proposed in [3,4], which is considered by some 
investigators to be a quick and simple algorithm for fuzzy inference. 
In the model, the fuzzy sets representing the inference consequents axe replaced by numbers. 
For example, inference rules with two-input and one-output are as follows. 
IfxisAiandyisBj, thenziszij. (24) 
Then for a given input (x’, y’), the response value Z’ is calculated in the following steps. 
STEP 1. Xij = Ai(z’)Bj(y’) (or Xij = Ai A Bj(y’)). 
STEP 2. 
fJ E XijZij 
ZI = 
i=l j=l 
5 2 Xij ’ 
i=l j=l 
(25) 
THEOREM 6. The simple inference model with two-input and one-output is exactly (not approx- 
imately) a binary piecewise interpolation. When Xij = Ai A Bj(y), 
zzF(x~Y)=~ e'lij(X7Y)Gj, 
kl j=l 
where 
When Xij = Ai(x)Bj(y) and the system is normal, 
z = F(z,y) = ~~Ai(X)Bj(y)z~~. 
i=l j=1 
The proof is omitted. 
(26) 
(27) 
(28) 
7. INTERPOLATION REPRESENTATION OF 
FUNCTION INFERENCE MODEL 
The function inference model was proposed in [5] which is the generalization of the simple 
inference algorithm. Consider the case with two-input and one-output, where the inference rules 
are as follows. 
If x is Ai and y is Bj, then z is Zij (2, y). (29) 
Here zij(z, y) are real functions and usually they are taken for linear functions zij(x, y) = adz + 
bijy + cij, where aij, bij, and cij are constant coefficients. 
For a given input (z’, y’), )\ij = gij(Ai(~)ABj(y)), where gij is a general operator, for example, 
gij = A (or 0). Then, similar to (25), we have 
2 fJ hjZij(x’, Y’) 
z’ = 
i=l j=l 
n m (30) 
2 C hj 
i=l j=l 
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THEOREM 7. There exists a group of base functions &(z, y) (i = 1,2,. . . , n, j = 1,2, . . , m) 
such that the function inference model is exactly (not approximately) a binary piecewise inter- 
polation function with variable nodal points as follows: 
* = F(z, Y) = 2 g Cij(Z, Y)%ij@, Y), 
i=l j=l 
(31) 
where CQ(~,Y) = gij(Ai(~),Bj(~))/C~=L=, C,“=lgij(Ai(~),Bj(y)). When gij = ?? and the system 
is normal. 
z = F(x, Y) = 2 2 A(z)Bj(Y)zij(z, Y). (32) 
i=l j=l 
The proof is omitted, since it is straightforward. 
8. A GENERAL INFERENCE MODEL OF FLS 
From the above results, we can obtain a general model of FLS by means of the t-norm 
* = F(z,Y) = 2 ~7ij(z,Y)%j(P,Y), 
i=l j=l 
where 
(33) 
(34) 
and “T” means a t-norm. 
NOTE 1. Actually, the factors hij/CZ, Cy=, hij(Ai(x)TBj(y)) are not very important, because 
it is in essence formed by means of Ai and Bj. So we can delete them from (34), and (33) becomes 
the following: 
s = F(z,Y) = 2 ~(Ai(z)TBj(Y))2ij(1:,Y)- (35) 
i=l j=l 
NOTE 2. The fuzzy inference rules should be as follows. 
If z is Ai and y is Bj, then z is Zij(z, y). 
Write Rij(z, Y) = Ai(z)TBj(y). Clearly, Rij E F-(X x Y). Thus, the fuzzy inference rules can 
also be represented as the following. 
If (z,Y) is Rij, then z is zij(z,y). (36) 
Generally speaking, for any Rij E F-(X x Y), by using it, we can form a group of inference rules 
as (36). The interpolation representation of the FLS based on the group of inference rules can 
be taken for the following expression: 
z=J’(z,y)=e ~.%j(~~Y)zij(~~Y). (37) 
i=l j=l 
When zij (5, y) = Zij, (37) turns into the following: 
(38) 
i=l j=l 
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NOTE 3. We reconsider the fuzzy inference rules. 
If x is Ai and Y is Bj, then z is Cij. 
They can be rewritten as follows. 
If (x,Y) is (Ai, Bj), then z is Cij. (39) 
It is easy to see that (Ai, Bj) is actually a fuzzy relation between X and Y. (Ai, Bj) can be 
denoted by Rij, where Rij E .F(X x Y). Usually, we take 
Rij=(Ai,Bj)eAixBj. (40) 
Clearly, Rij(x, y) = Ai(x)Bj(y) (or Ai A Bj(y)). Th us, the interpolation representation of the 
FLS can be taken for the following: 
z =F(X,y) = 2 eAi(z)Bj(y)zij = 2 ~&j(X,Y)t,ja (41) 
i=l j=l i=l j=l 
Conversely, for any fuzzy relations Rij E F(X x Y), we can form a group of fuzzy inference 
rules. 
If (x, 9) is Rij , then z is Cij , (42) 
which represents a FLS. Naturally, the interpolation representation of the FLS can be taken for 
the following equation: 
z = F(z, y) = 2 2 Rij(x, y)zij, ’ 
kl j=l 
which actually provides a general approach to build models or algorithms for FLS. Also, it is 
useful for understanding the essence of FLS. 
NOTE 4. Based on the above discussions, we suggest a simple general model that may be used 
in most cases as follows: 
z = F(x,~) = 2 2 Ai(z)Bj(y)zij. (43) 
i=l j=1 
9. INTERPOLATION REPRESENTATION OF THE FLS 
WITH n-INPUT AND m-OUTPUT 
Let Xi,Xz,..., X, be the universes of the input variables 
x(l), xw .(n) ,.*., 1 
respectively, and Yi, Yz, . . . , Y, be the universes of the output variables 
y(l), y(2), . . . )  y(m), 
and let 
and 
-4 = {A:~}~l~pi5ki), i = 1,2,...,n 
Bj = { Bgb,...p,} 
(l<ptlkl,l~pz~ka,...,l~pn6kn) ’ 
j = 1,2 ,...) Tn., 
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where A:’ E F(Xi) (i = 1,2,. . . , n) and B$$ *... r, E 3(Yj) (j = 1,2,. . . , m). di and Bj can be 
regarded as linguistic variables, so that a group of fuzzy inference rules is formed as follows. 
(j) If x(l) is A:) and xC2) is AZ) and . . and xcn) is Ag), then y(j) is BPIP2...r,, , (44) 
where pi = 1,2,. . . , ki (i = 1,2,. . . , n) and j = 1,2,. . . , m; CC(~) E Xi and y(j) E Yj are base 
variables. 
An FLS with n inputs and m outputs can be simply illustrated with Figure 1. 
i’.: i :1Il.*iyi ~ zi , , 
Figure 1. FLS with 7~ inputs and m outputs. 
Now let Xi = [ai,bi] and Yj = [cj,dj] be all real number intervals (i = 1,2,. . , n, j = 
1,2,... ,m), and {$$I< .<k ) % _P*_ I and {~~b~.--,,}(1<~,jkl,l<~~~k~,...,l<~~jk.,) be the peak points 
of A$ and B$p2...P,, respectively, with ai < x(li’ < x!) < . . < xt! < bi (i = 1,2,. . , n). 
Then based on equation (43), we have the following result. 
An FLS with n inputs and m outputs is approximately an n-ary piecewise interpolation vector- 
value function taking A!,’ as its base functions (i.e., a piecewise interpolation mapping from 
R” -+ R”) 
y e yU), y(2) , . . . 3 y(-)) = F(X) e F (x(l), .@), . , . , .(“)j 
where 
= (Fl(X),F2(X), . . . , F&f)), 
J (45) 
Fj(X) = Fj (x(1),2(2), . . . ,,cn)) 
This is the interpolation representation of an FLS with n inputs and m 
FLS can be simply illustrated with Figure 2. 
(46) 
outputs. So such a 
- y(i) 
Figure 2. FLS with 71 inputs and m outputs 
10. CONCLUDING REMARKS 
We briefly summarize our main conclusions in the following. 
(1) From Theorems 1-7, a very important and interesting conclusion can be obtained: the 
membership functions defined on the output variable universes do not influence the FLS 
but only influence their peak points. So, in real applications, the shapes of these membership 
functions are not important, but it is important to consider whether their peak points are 
suitable. 
(2) 
(3) 
(4) 
(5) 
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As is generally known, interpolation is a kind of basic and simple tool of function approx- 
imation in numerical analysis or numerical calculation. In other words, an interpolation 
function is a (function) approximator which can approximate a given function (with some 
conditions, say continuous or only with finite noncontinuous points) to within an arbi- 
trarily given accuracy. Therefore, it is a natural result that an FLS can be treated as a 
pan-approximator. 
The membership functions representing fuzzy sets on the input variable universes are 
regarded as the base functions of interpolation (base functions in terms of numerical anal- 
ysis) . 
From previous discussions, we can obtain the following fact (using a FLS with two-input 
and one-output): after a group of inference rules is given, the fuzzy sets representing 
these rules, Ai, Bj, and C,, can be immediately determined, where their peak points are 
denoted by xi, yj, and zij, respectively. This is equivalent to acquiring a group of samples 
of inputs and outputs as follows: 
{((~i,yj),~j)li=l,2 ,... ,n}. (47) 
If Ai and Bj are regarded as a group of base functions in interpolation, some interpolation 
function, say (43), can be obtained. Thus, we have another important conclusion: to 
acquire a group of inference rules, say (l), and to acquire a group of data being similar 
to (47) are the same. 
We suggest that equation (45) be used as the model of FLS, as a formula commonly in 
use. 
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